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The symplectic vortex equations
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U.Frauenfelder, The Arnold-Givental conjecture and moment Floer homology,
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U.Frauenfelder, F.Schlenk Volume growth in the component of the Dehn-Seidel
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U.Frauenfelder, F.Schlenk, Hamiltonian dynamics on convex symplectic manifolds, math.SG/0303282
submitted for publication.
U.Frauenfelder, V.Ginzburg, F.Schlenk Energy capacity inequalities via an action selector, math.DG/040204.
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U.Frauenfelder, Finite dimensional approximations for the symplectic vortex
equations, math.SG/0408102

Research I carried out so far
The Arnold-Givental conjecture and moment Floer homology
The question about fixed points of symplectic mappings is an old problem of
celestial mechanics. The Arnold conjecture in its homological form states that
the number of fixed points of a nondegenerate Hamiltonian symplectomorphism
of a compact symplectic manifold is bounded from below by the sum of the Betti
numbers of the symplectic manifold. After the pioneering works of Eliashberg [?]
and Conley and Zehnder [?] the breakthrough came in the late 1980s with Floer’s
discovery of his semi-infinite dimensional Morse homology on the free loop space
called Floer homology. Floer’s proof of the Arnold conjecture for monotone
symplectic manifolds in [?] was later pushed through by Hofer-Salamon [?] and
Ono [?] to the semipositive case and by Fukaya-Ono [?] and Liu-Tian [?] to the
general case.
The Arnold-Givental conjecture is a natural generalization of the Arnold
conjecture. Its precise formulation is as follows. Assume that (M, ω) is a 2ndimensional compact symplectic manifold and L ⊂ M is a compact Lagrangian
submanifold of M , which is the fixed point set of an antisymplectic involution,
i.e. there exists R ∈ Diff(M ) such that
R∗ ω = −ω,

R2 = id,

Fix(R) = L.

Suppose further that φ is a Hamiltonian isotopy of M , i.e. there exists a smooth
family Ht ∈ C ∞ (M ), t ∈ [0, 1], of Hamiltonian functions on M , such that φ
is the time-1-map of the time dependent Hamiltonian vector field of Ht . The
Arnold-Givental conjecture reads.
Conjecture (Arnold-Givental): Assume that L and φ(L) intersect transversally. Then the number of intersection points of L and φ(L) can be estimated
from below by the Z2 -Betti numbers of L, i.e.
#(L ∩ φ(L)) ≥

n
X

bk (L; Z2 ).

k=0

The Arnold conjecture - at least for Z2 -coefficients - follows immediately from
the Arnold-Givental conjecture by considering the diagonal in the symplectic
manifold (M × M, ω × −ω) which is a Lagrangian submanifold fixed under the
antisymplectic involution given by interchanging the two factors. However, the
Arnold-Givental conjecture is much more general than the Arnold conjecture
and is still open in its full generality up to now.
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In my thesis [?] I introduced a class L of Lagrangian submanifolds in MarsdenWeinstein quotients, which are fixed point sets of an antisymplectic involution.
I proved the following theorem in [?].
Theorem: Assume that L belongs to L. Then the Arnold-Givental conjecture
holds true for L.
I point out that the Lagrangians which belong to L are in general neither monotone nor semipositive so that Theorem A cannot be deduced from results about
the Arnold-Givental conjecture established so far, see [?, ?, ?, ?].
In order to prove Theorem A one computes moment Floer homology, which
was introduced in my thesis [?]. The main advantage of moment Floer homology
compared to the original Floer homology are better compactness properties. Assume that there is a Hamiltonian group action on a symplectic manifold. Then
the Moment action functional is defined to be Floer’s original action functional
together with a Lagrange multiplier to the constraint given by the zero set of
the moment map. The Lagrangian constraint guarantees that the critical orbits
of the Moment action functional lie on the zero set of the moment map so that
by quotienting out the gauge action they can be identified with orbits in the
Marsden-Weinstein quotient. It turns out that the flow lines of the Moment
action functional are solutions of the symplectic vortex equations. These equations were discovered independently by D.Salamon and I.Mundet (see [?], [?],
and [?]) and special cases of them are known in the physics literature as gauged
sigma models. There are many cases for which one can achieve compactness for
the symplectic vortex equations while the compactness for the Floer equations
fails due to the bubbling phenomenon in the Marsden-Weinstein quotient.
In [?] moment Floer homology is computed. The computation makes use of a
symmetry which comes from the antisymplectic involution. However, this symmetry cannot in general be applied directly, since the almost complex structure
which one needs to define the boundary operator in moment Floer homology
has to be perturbed to achieve transversality and this perturbation cannot be
chosen in general to be invariant under the symmetry. To overcome this problem
I use in [?] the abstract perturbation theory of Fukaya and Ono [?] and show
that the abstract perturbation can be chosen invariant under the symmetry.

Hamiltonian dynamics
In a joint work with Felix Schlenk we study the dynamics of Hamiltonian diffeomorphisms on convex symplectic manifolds. Our main tool is a spectral norm.
Spectral norms were considered previously by Viterbo, Schwarz and Oh, see
[?, ?, ?, ?]. The new point is that the symplectic manifold for which we define
the spectral norm is allowed to have contact boundary. In order to define a
spectral norm in this setting we establish the Piunikhin-Salamon-Schwarz isomorphism [?] for symplectic manifolds with contact boundary. Our main result
is a new existence theorem for closed orbits of a charge in a magnetic field on
almost all small energy levels. More precisely, we prove the following theorem.
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Theorem: Let (N, g) be a closed Riemannian manifold and let α be a one-form
on N such that dα does not vanish identically. Then there exists ² > 0 and a
subset Σ ⊂ (0, ²) of full Lebesgue measure, such that for every δ ∈ Σ there exists
a closed orbit x ∈ C ∞ (S 1 , Eδ ) on Eδ := {(q, p) ∈ T ∗ N : 21 |p|2 = δ} which is
contractible in T ∗ N and satisfies
ẋ = XH (x)
where the Hamiltonian function H : T ∗ N → R is given by
H(p, q) =

1 2
|p|
2

and XH is the Hamiltonian vector field of H with respect to the twisted symplectic complex structure
ωα = −dλ − dπ ∗ α
on T ∗ N . Here λ denoted the canonical one-form on the cotangent bundle and
π : T ∗ N → N the canonical projection.
The results of [?] were generalized in [?] were we introduce the concept of an
action selector in an axiomatic way. We show how the existence of an action
selector leads to sharp energy inequalies between the Gromov width, the HoferZehnder capacity, and the displacement energy. We also obtain sharp lower
bounds for the smallest action of a closed characteristic on contact type hypersurfaces.

Slow entropy and symplectomorphism of cotangent bundles
In a joint work with Felix Schlenk [?] we compute a class of Lagrangian Floer
homologies where the first Lagrangian submanifold is a fiber of the cotangent
bundle of a CROSS and the second Lagrangian submanifold is the n’th iterate
of the Dehn-Seidel twist applied to another fiber. It turns out that the rank of
the Floer homology is proportional to n. This solves in a more general context
a conjecture stated by Polterovich in [?]. In [?] we interpret this result in terms
of an entropy-type invariant which measures the polynomial volume growth of
submanifolds under the iterates of a map.

Finite dimensional approximations for the symplectic vortex equations
In [?], Cohen, Jones, and Segal conjectured the existence of a pro-spectrum
whose homology should coincide with Floer homology and which can be used to
define Floer homotopy type, Floer K-theory as well as Floer complex cobordism.
Kronheimer and Manolescu constructed this pro-spectrum in [?, ?] for SeibergWitten Floer homology using Furuta’s idea of finite dimensional approximation,
see [?], and the theory of the Conley index, see [?, ?].
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The symplectic vortex equations were introduced in [?, ?, ?]. They were
used in [?, ?] to define moment Floer homology. In [?] I construct the Conley
indices for moment Floer homology of symplectic toric orbifolds following the
approach taken by Kronheimer and Manolescu and compute them. It turns out
that the Conley indices are isomorphic to the Thom space of the normal bundle
of toric map space which was introduced by Givental [?, ?] as a model for Floer
homology of symplectic toric orbifolds, see also [?, ?].
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