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1. Research Activities
The subjects of my researches in 2004 are concerned with several problems issued in Partial Differential Equations
and Harmonic Analysis.
1.1. Partial Differential Equations. I studied dispersive equation (mainly Schrödinger type equation) and
Navier-Stokes equation for the fluids with vacuum.
a

1.1.1. Linear dispersive equation. (1) The first problem concerned is to prove that the solution u(x, t) = eit(−∆) 2 f (x)
a
of linear dispersive equation iut + (−∆) 2 u = 0, u(0) = f has the mapping properties that k supt∈R |u(·, t)|kLp .
kf k 14 for any a > 0(6= 1) and for some p ≥ 2.
H
This problem was initiated by L. Carleson for a = 2 [3] and extensively studied by many people, for instance see
[2, 12–15, 17–21]. But it remains still open. My collaborator and I (hereafter we) could prove partially that this
is true for functions of finite linear combination of radial and spherical harmonic functions by using asymptotic
behavior of Bessel functions and a boundedness of one dimensional oscillatory integrals [12, 14]. Furthermore,
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generalizing the operator (−∆) 2 , we could extend the convergence problem to eitϕ((−∆) 2 ) f for some function ϕ
having zeros and singularity on the sphere [13].
a
Rt
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(2) The second is to determine the pair (q, s, r, q̃, r̃) satisfying k 0 ei(t−s)(−∆) 2 F (·, s) dskLq,
,
Lx
t
Lt
Lr̃x0
q, s
where L
is the Lorentz space.
The estimate above (Strichartz estimate) is a very useful tool, for example, to the existence of nonlinear dispersive
equations. For the cases of a = 1 or 2, many researchers obtained several Strichartz estimates on Lebesgue
space(Lq Lr )(see for instance [21]). In this connection, we could characterize the estimates with respect to the value
of a and extend the Lebesgue estimate to Lorentz estimate (Lq,s Lr ) [1]. We proved in particular that if a = 2, then
n
n
the above Strichartz estimate holds for all pairs (q, s, r) and (q̃, r̃) such that 1q + 2r
= n4 , 1q̃ + 2r̃
= n4 and 2 < s ≤ q.
This estimate cannot be simply achieved by an interpolation (see Remark 3.2 of [1]). To circumvent this difficulty,
Rt
we used a boundedness on Lorentz space of low-diagonal operator T such that T f (t) = 0 k(t, s)f (s) ds.
1.1.2. Navier-Stokes equations. I focused on the local existence and uniqueness of strong solution deriving the
evolution of fluids with vacuum. The global existence of weak solution of Navier-Stokes equation with vacuum is
well-known (see [22] and references therein) but the uniqueness remains still open even for two dimensional case.
It has been known that to guarantee the uniqueness, a strong regularity is inevitable. But there has almost not
been known for a general fluid with vacuum.
(1) Hence, first we considered two or three dimensional density dependent Navier-Stokes equations for incompressible fluid with vacuum [6]. In general, the regularity of solution is mainly gained by the parabolicity of the
momentum equation. But in the presence of the vacuum, the momentum equation looses the parabolicity. Thus
we need a compatibility condition which turns out to be necessary and sufficient for a solution to have the strong
regularity. Under this condition, we obtained a local existence of strong solution and applied the developed method
to a barotropic compressible fluid, which is governed by compressible Navier-Stokes equation with p = p(ρ) [4].
(2) In [7] we further discussed polytropic compressible fluid with vacuum. The most difficult one causing
obstacles to strong regularity is the quadratic nonlinearity |du|2 in the energy equation which correlates heavily
ρ, u and e. Moreover, the vacuum deepens the correlation. To overcome this complexity, we examined elaborately
the correlation and obtained a strong estimate which can be applied to the regularity problem of the barotropic
compressible Navier-Stokes equations [8]. The most important results is the local strong solvability which is sharp
in view of the recent result [5] where we proved that there is no global strong solution if the initial density has
compact support.
1.2. Harmonic analysis. I also studied several problems related to Fourier restriction conjecture, Bochner-Riesz
conjecture and oscillatory integrals issued in harmonic analysis.
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1.2.1. Bochner-Riesz operator. We studied the boundedness of Bochner-Riesz operator T α on Rn , n ≥ 2, of order α
2 α
α f (ξ) = (1−|ξ| )+ fb(ξ),
which is a multiplier operator defined by Td
ξ ∈ Rn , where b denotes the Fourier transform,
Γ(α+1)

Γ is the gamma function and r+ = r if r ≥ 0 and r+ = 0 if r < 0. When α ≤ −1, this definition makes sense
by analytic continuation. The problem is to find optimal range of exponents p, q with respect to α satisfying
kT α f kLq ≤ Ckf kLp . We considered the case of negative α and in [10] improved known results by using parabolic
re-scaling technique and recent works for bilinear restriction of T. Tao [28]. The techniques could be applied to the
boundedness of a cone multiplier operator or an operator defined by convolution of a kernel with singularity over
the time-space cone, for example wave operator [11].
1.2.2. Maximal operator for filtration. Let En (f iltration) be measurable subset satisfying En ⊂ En+1 and then
define a maximal operator T ∗ by T ∗ f (x) = supn |T (f χEn )(x)|. This operator was used first by M. Christ and A.
Kiselev [15, 16] to verify the stability of absolutely continuous spectrum of one dimensional Schrödinger operator
HV = −d2 /dx2 + V . They proved a mapping property of T ∗ on the Lebesgue space (Lp → Lq , q > p). Observing
that this property comes from the convexity difference between the functions tp and tq generating the Lebesgue
space, we observed in [9] that the maximal inequality holds for Lorentz space (Lp, r → Lq, s (p ≤ r < s ≤ q))
and Orlicz space (LΦ → LΨ for some function with a convexity difference) containing Lebesgue space naturally.
The importance of this mapping property is the application to establishing Strichartz estimates for Schrödinger
operator on Lorentz space base [1].
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