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Quantum cohomology of projective bundles and Hirzebruch surfaces.

Our most recent results give an answer to the following question:
Problem 2: Classify the quantum cohomology rings of the Hirzebruch surfaces Fn =
P(O ⊕ O(−n)), n ≥ 0, and the projective bundles Gk = P(O ⊕ O(k) ⊕ O(−2 − k)), k ≥ −1, by
using mirror symmetry.
Note that we can of course use a direct localization calculation in order to determine the quantum cohomology rings of these spaces. Yet, since localization can be unwieldy, it is advantageous
to be able to apply the techniques of mirror symmetry.
We begin by noting some of the cases which have already been solved in the literature. For
the Hirzebruch surfaces Fn for n = 0, 1, 2, there are a variety of standard approaches which can
be applied. Let QH ∗ (X) denote the quantum cohomology ring of X. It is known, in particular,
that QH ∗ (F0 ) ∼
= QH ∗ (F2 ). For the projective bundles Gk , Givental has shown that QH ∗ (G−1 ) ∼
=
∗
QH (G0 ), i.e. that P(O ⊕ O ⊕ O(−2)) and P(O ⊕ O(−1) ⊕ O(−1)) have the same quantum
cohomology rings.
Our work therefore lies in the cases Fn for n > 2 and Gk for k > 0. The results go as follows:
Solution 2: There are two isomorphism types of QH ∗ (Fn ), depending on whether n is odd or
even. There is only one isomorphism type of QH ∗ (Gk ).
Strategy (for Gk ):
1) Perform the Birkhoff factorization of the I function of Gk , in order to recover the J function
2) Change coordinates of the J function via the mirror map, and then show that this resulting
function is equal to the I function for G−1 .
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Equivariant mirror symmetry for O(k) ⊕ O(−2 − k) → P1

We now generalize the above approach to include all Xk = O(k) ⊕ O(−2 − k) → P1 , k ≥ 1. It is
indeed possible to derive a version of mirror symmetry, in the sense that we have a mirror map and
a double logarithmic function which reproduces known Gromov-Witten invariants. Comparing to
the X0 case, it turns out that k ≥ 1 forces us to use the Birkhoff factorization to correctly compute
invariants. We also find that the result is a collection of rational functions in the equivariant
weights, so that we can only read off enumerative information by specifying values for the weights.
We consider equivariant Gromov-Witten theory on Xk , endowed with a T 2 action with weights
(λ1 , λ2 ) on the respective bundle factors O(k) ⊕ O(−2 − k). Then Givental tells us that mirror
symmetry for Xk should be encoded in the following hypergeometric function:
Q
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While this may be the correct I function, in its given form it is not clear exactly how one should
extract Gromov-Witten data from it. For example, if k = 1, then in the nonequivariant limit
λ1 = λ2 = 0, this function reduces to IKP2 , the I function for O(−3) → P2 , whose invariants
we are not presently interested in. Our guiding principle at the moment is that we would like to
reproduce the famous multiple cover formula for curves which is known from calculations on X−1 .
There is a way around these difficulties, which goes as follows. We first expand the coefficients
Cdk (λ1 , λ2 ) in powers of 1/λ1 . This has the unfortunate effect of introducing positive powers of ~
into the expansion of IkT . However, from our work in the previous sections, we know that we can
eliminate positive powers of ~ by using Birkhoff factorization. Call the result of this JkT . Then
the surprising fact is that JkT actually contains exactly the expected mirror symmetry data! In
other words, we find
JkT = 1 +

p(log q + tk (q, λ1 , λ2 )) + t̃k (q, λ1 , λ2 ) pW k (q, λ1 , λ2 ) + W̃ k (q, λ1 , λ2 )
+
+ ...
~
~2

(2.2)

Let q k (tk ) be the inverse of log q + tk (q, λ1 , λ2 ). Then if we specialize equivariant weights so that
λ1 = λ2 = λ, we arrive at
W k (q k (tk ), λ) = −2λLi2 (et )

(2.3)

which is exactly the multiple cover formula. This agrees with known results for the diagonal torus
action λ1 = λ2 .
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